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10 


1 Groups of order 8 


For |G| = 8 = 23 
1. G is abelian. (1) Ge Zs [8, 1]. (2) G ~Z2 @ Za [8, 2]. (3) G=Ze ®@ Ze ®@ Ze [8, 5]. 


2. G is non-abelian. There exists a € G and o(a) = 4, (a) dG. Let b € G \ (a), o(b) = 2 or o(b) = 4. 


Let bab~' = a’ € (a), then o(a’) = o(bab~+) = o(a) = 4, i=1 or i =3. G is non-abelian, so i = 3. 


(1) 0(b) = 2. G = (a,b | at = = 1, bab“! =a?) & Dg [8,3]. This is the dihedral group of order 8. 


(2) o(b) = 4. G = (a,b | at = b* = 1, bab“! = a) & Qs [8,4]. This is the quaternion group. 


Qs = {£1,+(§ %),+(910),+(9 i)}. The isomorphism in 2(2) is given by a+ (§ °,),b4 (9G). 


element in Dy | 1 | a | a? | a? | b | ab | a2b | a®d element in Qg | 1 | a | a? | a? | 6 | ab | a2b | a®d 


order 1/4) 2 | 4 )2) 2 2 2 | order 1/4) 2 ),4)4)] 4 4 4 


In summary, 1(1), 1(2), 1(3), 2(1), 2(2) give all 5 non-isomorphic groups of order 8. 


2 Groups of order 12 


For |G] = 12 = 22-3, N(2) =2k+1| 3, N(3) =31+1| 4, hence N(2) =3, N(3) =1 or N(2) =1, N(3) =4. 

1. N(2) = 3, N(3) =1. G is a semidirect product of the Sylow 3-subgroup Z3 and a Sylow 2-subgroup of order 4. 
(1) Sylow 2-subgroup is Z4. We have homomorphism y : Z4 > Aut(Z3) = Zp. 

(i) vy is trivial. G = Zs @ Za = Zr [12,2]. 

(ii) y is non-trivial. Let Z3 = (x), Za = (y). G= (x,y | 2? = y* = 1, yxay—* = 2?) [12,1]. 

(2) Sylow 2-subgroup is Zz ® Za. We have homomorphism w : Zz @ Zz > Aut(Z3) = Zo. 

(i) ob is trivial. GX Zs x (Zz @ Zz) © Zz © Zz @ Lz & Zz © Zee [12,5]. 

(ii) W is non-trivial. G © (Z3 x Zz) @ Zo = S3 © Ze = Dz © Zz = De (12, 4]. 

2. N(2) =1, N(3) =4. Let P be a Sylow 3-subgroup. Action of G on G/P induces homomorphism y : G > $4. 
kery = () gPg"! < P. If kery = P, then P«G, N(3) = 1, back to case 1. 

If ker p og then ¢ is injective, [S4 : p(G)] = 2. The only subgroup of S4 of order 12 is Ay, so G & Ay [12,3]. 
Alternative method: 


G is a semidirect product of the Sylow 2-subgroup of order 4 and a Sylow 3-subgroup Z3. 


(1) Sylow 2-subgroup is Z,. We have trivial homomorphism Z3 > Aut(Z4) = Zo. G & Z3 @ Zy = Zip. 
(2) Sylow 2-subgroup is Zz @ Z2 = (x) @ (y). Consider the nontrivial homomorphism vy : Z3 + Aut(Z2 © Z2) = $3. 
Let Z3 = (z). y(z) maps 1,2, y, xy to 1,y, ry, 2, and y(z”) maps 1,2, y, zy to 1, zy, x, y respectively. 


2 ay) 


Ge @y,¢|)e =f = = 1,202 =a, eye) = oy, eeye = 2 ee = oy ye? So, eye 
It can be reduced to G & (x, z | a? = 28 = 1, (zx)? = 1) & Ag with isomorphism z+ (123) and x + (12)(34). 


In summary, 1(1)(i), 1(1)(ii), 1(2)(i), 1(2)(ii), 2(2) give all 5 non-isomorphic groups of order 12. 


3 Groups of order 18 


For |G| = 18 = 37-2, N(3) = 1. Sylow 3-subgroup is normal. 

G is a semidirect product of the Sylow 3-subgroup of order 9 and a Sylow 2-subgroup Zz. 
1. Sylow 3-subgroup is Zy9. We have homomorphism y : Zz > Aut(Zg9) = Ze. 

(1) ¢ is trivial. G = Zz ® Zg = Zig 18, 2|. This is an abelian group. 

(2) y is non-trivial. Let Zo = (x), Zo = (y). y(y) is of order 2, so y(y)(z) = a2 =a 
G2 (a,y| 2 =y? =1,yry-! = 271) & Dg [18,1]. This is an non-abelian group. 
2. Sylow 3-subgroup is Z3 @ Z3. We have homomorphism  : Zz > Aut(Z3 ® Z3) ~ GLo(F3). 

Consider Zz = {0,1,+}. (1) is of order 1 or 2 and can always be diagonalized. The same diagonalization yields the 
same homomorphism since it’s equivalent to represent homomorphism y with another basis of Z3 6 Z3. 


1) y(1) can be diagonalized to ( 


( 
(2) v(1) can be diagonalized to (3 au ) a ear G = Z3 ® (Z3 x Zo) = S3 PB Zs = Dz @ Zz [18,3]. 
(3) p(1) can be diagonalized to ey 2) a (e ., Let Z3 @ Z3 = (x) @ (y), Zo = (2). 


G2 @.qe |e? = 2* = ley = pees aS oe Se) le, 4). 

Groups in 1 and groups in 2 have different Sylow 3-subgroup. 

Group in 1(1) is abelian while group in 1(2) is non-abelian. 

Group in 2(1) is abelian while groups in 2(2) and 2(3) are non-abelian. 

Group in 2(2) has 3 elements of order 2, while group in 2(3) has 9 (a? y%z, p = 0,1,2, ¢q = 0,1,2) such elements. 


In summary, 1(1), 1(2), 2(1), 2(2), 2(3) give all 5 non-isomorphic groups of order 18. 


4 Groups of order 20 


For |G] = 20 = 22-5, N(5) = 1. 

G is a semidirect product of the Sylow 5-subgroup Zs = (x) and a Sylow 2-subgroup H of order 4. 

1. H =Z4 = (y). We have homomorphism y : H = Z4 > Aut(Zs5) = Za. 

(1) p(H) =1. G2 Zyx Zs = Z4 W Zs & Zao [20, 2]. 

(2) p(H) = Zo. G& (y, x | 2 = y* = 1, yxy * = a*) [20, 1). 

(3) p(H) = Za. G& (y, x | a = y* = 1, yxy * = x?) [20,3]. 

Note that for group in 1(2), ry? = y?x, (x,y?) = Zio. For group in 1(3), if it has a subgroup K of order 10, then K 
is normal and KM H = (y?). Ds & (x,y?) < K, so K & Ds and groups in 1(2) and 1(3) are not isomorphic. 
2. H =Z2@ Zp. We have homomorphism 7 : H = Zp @ Zz > Aut(Zs) & Z4. 

(1) b(H) = 1. G& (Zo @ Ze) x Zs © Za © Zz © Ls & Zz © Zi (20, 5]. 

(2) W(H) = Zo. GS (Z5 x Ze) @ Zo =~ Ds @ Zz = Dio [20,4]. 


In summary, 1(1), 1(2), 1(3), 2(1), 2(2) give all 5 non-isomorphic groups of order 20. 


5 Groups of order 24 


For |G| = 24 = 23-3 


1. N(2) = 1. G is a semidirect product of the Sylow 2-subgroup N of order 8 and a Sylow 3-subgroup Zs. 


(1) N = Zs. We have trivial homomorphism Z3 > Aut(Zg) = Zz @ Zo. G = Zg x Z3 = Zz @ Zg = Zea |24, 2). 
(2) N = Zp @ Z4. We have trivial homomorphism Z3 + Aut(Z2 @ Z4) = D4. 

G & (Zo @ Z4) x Z3 = Zo @ Zz @ Za = Ze @ Z12 [24,9]. 

3) N = D4. We have trivial homomorphism Z3 + Aut(D4) = Dy. G = D4 x Z3 = Da ® Zz [24,10]. 

4) N = Zo ® Zo ® Za. We have homomorphism y : Z3 + Aut(Z2 © Zz ® Zz) & GL3(F2). 


i) yp is trivial. G& (Zo ® Zz ® Za) x Z3 > Z2 @ Z2 @ Ze @ Z3 = 42, @ Ze ® Ze [24, 15]. 


( 
( 
( 
(ii) y is non-trivial. Using rational canonical form, y(1) can be quasi-diagonalized to (a3 


Or equivalently, note that Zz @ Zz ® Zz has 7 non-trivial elements and y(1) is of order 3, so it must have a non-trivial 


fixed point and therefore fix one Zo in Zo Zo t Zo. Ge ((Za Z2) x Z3) @ Zo = Ag @ Zo [24, 13]. 
(5) N = Qs. We have homomorphism w : Zz; > Aut(Qs) & S4. 
(i) w is trivial. G& Qs x Z3 = Qs @ Z3 [24, 11]. 


(ii) w is non-trivial. Subgroups of order 3 in S4 are conjugate, which corresponds to rename the generators of Qs, 


so there’s only one non-trivial action of Zz on Qs, given byi WO jHkH i. G2 Qs = Zz S SLo(Zs3) [24, 3]. 

2. N(3) =1. Gis a semidirect product of the Sylow 3-subgroup Z3 = (x) and a Sylow 2-subgroup H of order 8. 
We only need to consider the non-trivial cases. 

(1) H=Zg=(y). GS (a,y | 2? =y? = 1, gry! = 2?) [24,1]. 

(2) H = Zp @ Z4 = (y) ® (z). We have epimorphism ¢ : Zz 6 Z, > Aut(Z3) = Zo. 

(i) ker y = Z4 = (z). Z4 = (z) acts on Zz trivially, and Zz = (y) acts on Zs non-trivially. 


G = (Z3 x Z2)@®Z4 = S3 @Z4 = Dg OZ4 [24, 5]. 


(ii) ker p = Zz © Zy = (y) @ (27). Zp = (y) acts on Zz trivially, and y(z) is of order 2 in Aut(Zs3). 


G&@,y,2|e=y=—2t = lye = eyyey! =o, 222°! = 27) @ fe 2 | ee et 1 ee ee) Ze (24, 7]. 


(3) H = Dg = (y,z | y? = z4 =1, (yz)? = 1). We have epimorphism 7 : Dy > Aut(Z3) & Zo. 

(i) kerb = Zg = (z). Zq = (z) acts on Zs; trivially, and Z2 = (y) acts on Zs non-trivially. 

G2 (a,y,z| 23 =y? = 24 =1, (yz)? =1, yey! = x?, zx2z~1 = «). Note that (x, z) 2 Zip. 

Let « = w*, z = w?, then it can be reduced to G & (y,w | y? = w!? = 1, (yw)? = 1) & Diz [24,6]. 

(ii) ker = Zp ® Zy = (y) @ (27). Zy = (y) acts on Zz trivially, and 7)(z) is of order 2 in Aut(Z3). 

G? (9,2 | 2° ay? = 24 = 1, (ye)? — 1 gey* = 2, 202" =o} (24, 8). 

(4) H = Zo @ Zo @ Za. G™ (Lg X Zz) © Zn © Za = S3 OZ O La & Dg @ Zn @ La © De @ Zz (24, 14]. 
(5) H=Qs = (y,z | y* = 24 =1, zyz7! = y°). We have epimorphism w : Qg > Aut(Z3) = Zo. 


Subgroups of order 4 in Qs are all isomorphic to Z4, so there’s only one Z3 ™ Qg under isomorphism. 


1 1 


Let ker py = (y), then Zz ¥ Qg = (x,y,z | 2? =y* = 24 =1,2y27-! = y® yay! = 2, ex271 = 2). (x,y) = Zip. 

Let c= w*,y =u". G & (wu, 2 | w? = 2 = 1,202) = we) & Ge [we = 1, 2? = eee Se") [24,4]. 
This is the dicyclic group of order 24, also binary von Dyck group or binary triangle group with parameters (6, 2, 2). 
3. N(2) =3,N(3) =4. G has 4 Sylow 3-subgroups P,, P2, P3, Ps, |Ne(Pi)| = 24/4 = 6. 

Action of G on P; by conjugation induces homomorphism y : G > S4, ker yp = fig N(P;) C Ne(P1). 

(1) kery = Ne(P.). Ne(P1) = N(P2), Pi = Po. Contradiction. 

(2) kery = P}. P, <G. Contradiction. 

(3) ker p=1. G2 S4 [24,12]. 

(4) ker yp = Za. Z2«G and Z2 C Z(G). G has 3 Sylow 2-subgroups Qi, Q2, Q3 of order 8. 


Action of G on Q; by conjugation induces homomorphism w : G > S3. |Ng(Q:)| = 24/3 = 8, Qi = Ne(Qi). 


Thus im w contains all transpositions and is an epimorphism, ker ¢ <G and | ker | = 4. Zp C Z(G) C kerw. 


\p(ker ¢)| = 2 and y(ker~w) dim y = Ag, but Ay has no normal subgroup of order 2. Contradiction. 
In summary, 1(1), 1(2), 1(3), 1(4)(i), 1(4)(@i), 1(5)(i), 1(5) Gi), 2(1), 2(2)@), 2(2) (ii), 2(3)(4), 2(8) ii), 2(4), 2(5), 3(3) 


give all 15 non-isomorphic groups of order 24. 


® Qs x Z3 & SLo(Zs3). 
W Proof: 
|SLe(Zs)| = (32 — 1) - (9? — 3)/(8- 1) = 24. Z(SLe(Zs)) = {( BY, (22) } aSL3(Z3). Denote SL2(Z3) by G. 
(2 1) and ( 0) are of order 3, so G has 4 Sylow 3-subgroups, denoted by P,, Po, P3, Ps. |Na(P;)| = 24/4 = 6. 
Action of G on P; yields homomorphism y : G > 54, keryp = (ix Ne(P;). Z(G) < kere < Ne(P1). 
If ker y = Ne(P,), then Ne(P1) = Ne(P2), Pi = P2. Contradiction. Therefore ker yp = Z(G) © Zg and G/Z2 = Ag. 
Zq ® Zz Ag, [Ag : Zo © Ze] = 3 and Ze @ Ze has 3 subgroups of index 2. 
By the correspondence theorem, there exists N <G with the same property. [G : N] = 3, so |N| = 8. 
(2 .) € G is the unique element of order 2, so N has only one element of order 2. N = Zg or N = Qsg. 


N has 3 subgroups of index 2, so N = Qs. Qg =N<G,Z3 =P, <G,PANN=1,G=PN,s0oG2N™ P,. 


Therefore SL2(Zs) = Qs x Z3. 


n 24% ((F4)). 04% ((88). (88) 


@ (Zz OZ2) x S3 = S4 since $3 < S4 and Ky = Zz @Z2 494. 


6 Groups of order 28 


For |G| = 28 = 22-7, N(7) =1. 

G is a semidirect product of the Sylow 7-subgroup Z7 = (x) and a Sylow 2-subgroup H of order 4. 
1. H =Z4 = (y). We have homomorphism y : H = Z4 > Aut(Z7) = Ze = Zo © Zs. 

(1) p(H) =1. G2 Zyx Z, SZ @ Zz & Zag [28, 2]. 

(2) p(H) = Zo. G& (a, y | 27 = y* = 1, yxy * = 2) (28, 1). 

2. H =Z2@® Zp. We have homomorphism 7 : H = Zz @ Zz > Aut(Z7) = Ze = Zo GZ. 

(1) P(H) =1. G& (Zo @ Zen) xX Zz = Za @ Ze @ Zz & Ze @ Zi4 [28, 4]. 

(2) p(H) = Zo. GS (Zz x Ze) @ Zp = Dz @ Ze = Dia [28, 3). 


In summary, 1(1), 1(2), 2(1), 2(2) give all 4 non-isomorphic groups of order 28. 


7 Groups of order 30 


For |G| = 30 = 2-3-5, N(3) =1 or N(5) = 1. Zs and Zs generate Z3 @ Zs = Z15 4G. 
G is a semidirect product of the normal subgroup Z;; and a Sylow 2-subgroup Zg. 


We have homomorphism ¢ : Zz > Aut(Zi5) = Aut(Z3) x Aut(Zs) = Zo @ Za. 


1. y(1) = (0,0). Ze acts on Zs and Zs trivially. GY Zz © Z3 @ Zs & Zs0 [30, 4]. 

2. y(1) = (1,0). Zy acts on Z3 non-trivially and acts on Z; trivially. G = (Z3 x Zz) 6 Zs = S3 ® Zs [30, 1]. 
3. y(1) = (0,2). Zz acts on Z; trivially and acts on Zs non-trivially. G & (Zs x Z2) 6 Z3 = Ds @ Zs [30, 2}. 
4. y(1) = (1,2). Ze acts on Z3 and Zs non-trivially. G & (Zs 6 Z3) * Ze & Dis [30, 4]. 


In summary, 1, 2, 3, 4 give all 4 non-isomorphic groups of order 30. 


8 Groups of order 40 


For |G] = 40 = 23-5, N(5) = 1. 

G is a semidirect product of the Sylow 5-subgroup Zs = («) and a Sylow 5-subgroup H of order 8. 
1. H = Zs = (y). We have homomorphism y : Zg > Aut(Zs5) = Za. 

(1) p(H) =1. G2 Zs x Zg S Zs © Zg & Zao [40, 2]. 

(2) o(H) = Zo. G& (a, y | 2? = y® = 1, yxy" = w*) [40,1]. 

(3) p(H) = Za. G& (x,y | 2 = y® = 1, yxy * = x?) [40,3]. 
2. H=Z2@Zy4 = (y) ® (z). We have homomorphism y : Zz @ Z4 > Aut(Zs) = Zq. 

1) y(H) =1. G& Zs x (Zz ® Za) © Zz © La © Ly & Zz ® Z20 [A0, 9]. 

2) p(H) = Zo. 


( 
( 
(i) ker p = Z4 = (z). Zyg acts trivially on Zs, and Zz acts non-trivially on Z;. G & (Zs = Zz) x Z4 = Ds ® Z4 [40,5]. 
( 
( 


ii) ker yp = Zo @ Zo = (2) @ (y”). G& (a, 2z | w® = z4 =1,z"2z—-1 = 2*) @ Zz [40, 7]. 
3) y(H) = Za, kery = Zg = (y). G= (xz, z | 2° = 24 =1,z2z—1 = 2?) @ Zz [40,12]. 
3. H = Z2@ Z2 @ Zp. We have homomorphism ¢ : Zz @ Zz ® Zz > Aut(Z5) = Zy. 

(1) p(H#) =1. G2Zs x (Zo © Zo © Za) = Ze @ Ze @ Ze O Zs = Ze © Ze @ Zio [40, 14]. 


(2) y(H) = Zo. Ge (Zs x Z2) ® Zy @ Zo = Ds @ Ze B Ze ~ Dion GB Ze [40, 13]. 


4. H = Dg = (y,z| y* = 2? =1, (yz)? = 1). We have homomorphism y : Dy > Aut(Zs) = Za. 


(1) p(H) =1. G& Zs x Da © Da @ Zs [40, 10]. 


(i) kerry = Z4 = (y). G& (a, y,2| o = y* = 27 = 1, (yz)? = 1 yey! = 2, 2e271 = 2+). (2, y) & Zoo. 

Let « = wt, y = w®. It can be reduced to G & (w, z | w?° = z? = 1, (zw)? = 1) & Dao [40, 6]. 

(ii) ker yp = Zo @ Zo = (y”) @ (z). G= (2, y,z | 2® = y* = 2? = 1, (yz)? = 1, yey = 2*, z2z—1 = z) [40,8]. 
5. H = Qs. We have homomorphism y : Qg + Aut(Zs) © Zz. 

(1) o(H) = 1. G& Zs x Qs ~ Qs @ Zs [40,11]. 

(2) y(H) = Za. We have a unique non-trivial semidirect product G = Zs x Qg |40, 4]. 

In summary, 1(1), 1(2), 18), 2(1), 2(2)(i), 2(2)(ii), 2(3), 3(1), 3(2), 4(1), 4(2)(i), 4(2)Gi), 5(1), 5(2) give all 14 


non-isomorphic groups of order 40. 


9 Groups of order 42 


For |G| = 42 = 2-3-7, N(3) =1 or N(3) =7. N(7) =1. 
1. N(3) = 1. Sylow 3-subgroup Z3 and Sylow 7-subgroup Z7 are normal, so they generate Z3 © Z7 © Za 3G. 
G is a simidirect product of normal subgroup Za and a Sylow 2-subgroup Zo. 


We have homomorphism y : Zz + Aut(Zo,) © Aut(Z3) x Aut(Z7) = Zo 6 Ze. 


(1) y(1) = (0,0). Ze acts on Z3 and Zz trivially. G& Za, x Zo & Zo ® Zs @ Zz & Zaz [42, 6]. 

(2) y(1) = (1,0). Ze acts on Z3 non-trivially and acts on Z7 trivially. G & (Z3 x Zz) 6 Z7 & S3 @ Zz [42, 3}. 
(3) y(1) = (0,3). Zz acts on Zz; trivially and acts on Z7 non-trivially. G = (Z7 x Zz) 6 Z3 = D7 @ Zz (42, 4]. 
(4) y(1) = (1,3). Ze acts on Z3 and Z7 non-trivially. GY Zo, x Zz = Day [42,5]. 


2. N(3) = 7. For any Sylow 3-subgroup P = Zs, let H = Ne(P), P < H, |H| = 42/7 = 6. 

G is a semidirect product of Sylow 7-subgroup Z7 = (x) and H. We have homomorphism w : H + Aut(Z7) = Ze. 
If 2(P) = 1, then P © Zs acts on Z7 trivially and we have subgroup Z7 x Z3 © Zoi. This is case 1. 

If ~(P) #1, then ker a = 1 or ker~y = Zo, and H = Ze, = (y). 

(1) kerb = Zp = (y®). G& (a, y | 2? = y8 = 1, yxry—1 = x?) & (Z, x Zs) © Zz [42, 2]. 

(2) ker =1. G2 (a, y| 27 = y® =1, yay! = 23) [42,1]. 

Group in 2(1) has only 1 element of order 2, while group in 2(2) has 6 elements of order 2. 


In summary, 1(1), 1(2), 1(3), 1(4), 2(1), 2(2) give all 6 non-isomorphic groups of order 42. 


10 Groups of order 44 


For |G| = 44 = 2?- 11, N(11) =1. 

G is a simidirect product of Sylow 11-subgroup Z1; = (x) and a Sylow 2-subgroup H of order 4. 
We have homomorphism y : H — Aut(Zi1) = Zip = Zo O Zs. 

1. H=Z.@ Zo. 


(1) y(H) = 1, GZ x (Zo ® Ze) ~ Ze @ Zz @ Zi = Z2 ® Z22 [44, 4]. 


(2) o(H) = Zo. G™ (Zur 0 Zo) @ Zz & Dir @ Zz & Dag [44,3]. 

2. H=Z4 = (y). 

(1) o(H) =1. GY Zu x Za @ Za @ Zar & Zea [44,2]. 

(2) p(H) = Zo, kery = (y’). G& (x,y | at = y* = 1, yey * = 21°) [44,1]. 


In summary, 1(1), 1(2), 2(1), 2(2) give all 4 non-isomorphic groups of order 44. 


11 Groups of order 45 


For |G| = 45 = 32-5, N(3) = N(5) =1. 


G is a semidirect product of the Sylow 3-subgroup of order 9 and the Sylow 5-subgroup Zs. 


1. Sylow 3-subgroup is Z3 @ Z3. G(Zs @ Z3) x Zs a Z3 @ Z3 @ Ls ~ Z3 @ Z15 [45, 2]. 
2. Sylow 3-subgroup is Zo. Ge Zo x Zs — Zs @ Zo = Zas [45, 1]. 


In summary, 1,2 gives all 2 non-isomorphic groups of order 45. 


12 Groups of order 50 


For |G| =50 = 2-57, N(5) =1. 

G is a semidirect product of the Sylow 5-subgroup of order 25 and a Sylow 2-subgroup Zo. 
1. Sylow 5-subgroup is Z25. We have homomorphism y : Zz > Aut(Zo;). 

(1) ¢ is trivial. G = Ze ® Zo5 = Zso [50, 2]. 

(2) » is non-trivial. G = Des [50,1]. 


2. Sylow 5-subgroup is Z; 6 Zs. We have homomorphism w : Zz + Aut(Zs @ Zs) & GLo(Fs). 


(1) w(1) can be diagonalized to ( 


(2) ~(1) can be diagonalized to (72): GZ; @ (Zs x Zz) = Ds @Zs [50,3]. 


(3) (1) can be diagonalized to a ): G = (Zs ® Zs) x Zz [50, 4]. 


0 -1 


In summary, 1(1), 1(2), 2(1), 2(2), 2(3) give all 5 non-isomorphic groups of order 50. 


13 Groups of order p 


Suppose |G| = p and p is an odd prime, then G = Zp. 


For n= p < 50, n = 2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47. 


14 Groups of order 2p 


Suppose |G| = 2p and p is an odd prime. N(p) = 1. 

G is a semidirect product of the Sylow p-subgroup Z, = (x) and a Sylow 2-subgroup Zz = (y). 
We have homomorphism » : Zz > Aut(Zp) = Zp-1. 

1. y is trivial. G = Zp © Zp. 

2. is non-trivial, y{y)(2) = 2?" 1. GS (ay | 2? =y? =Lyey | = 2-1) S Da. 


For n = 2p < 50, n = 6, 10, 14, 22, 26, 34, 38, 46. 


15 Groups of order p? 


Suppose |G| = p* and p is an odd prime, then G = Zp © Zp or G = Z,32. 


For n = p? < 50, n = 4,9, 25, 49. 


16 Groups of order pq 


Suppose |G = pq and p, q are odd primes, p < gq. N(q) = 1. 

G is a semidirect product of the Sylow g-subgroup Z, = (a) and a Sylow p-subgroup Z, = (b). 

We have homomorphism y : Z, + Aut(Z,) = Zq-1. 

1. y((a)) = 1 and G is abelian. bab! = y(b)(a) =a. G & (a,b | at = bP = 1, bab~' =a) = Z, OZyq. 
2. y((a)) £1 and G is non-abelian. Let bab~! = y(b)(a) = a" for some r € {2,...,q—1}. 

y(bP)(a) = a” =a, so r? =1 mod q. N(p)|q and N(p) =1 mod p, so N(p) = kp +1=qand p|q-1. 
G = (a,b | at = b? = 1, bab~! =a"), where r? = 1 modq, r € {2,...,g—1} and p| q—1. 

Let F = (x,y) and define epimorphism 7 : F > G by r(x) =a, t(y) = b. K = (24, y?, yxy ta-") C kern. 
G2 F/kern. |F/K| =|F/kerz|-|kera/K| = |G|-|kera/K| = pq- | ker7/K]. 

Elements in F/K have form z’g?,0<i<q—-1,0<j<p-—1. |F/K| < pq, so |kert/K| =1, K =kerz. 
This proof doesn’t guarantee the existence of non-abelian group of order pq. 


It only proves if such group exists, it can be characterized in this way. 


For n = pq < 50, n = 15, 21,33, 35, 39. 
1. For |G| = 15 =3-5, 3145. Gis abelian and G = Z3 @ Zs = Zis [15,1]. 

2. For |G] =21=3-7, 3| 6. 

(1) Gis abelian. G = Z3 @ Z7 & Za, [21, 2]. 

(2) G is non-abelian. Let Gj = (a,b |e" =O? = 1,teb *=@7), Go=— 0 |e" =0? = 1,00 =a"), 
nm: Gy + Go,7(a) = a4, 1(b) = 6 is isomporphism. G & (a,b | a? = b® = 1, bab—1 = a?) [21,1]. 

3. For |G| = 33 = 3-11, 3{ 10. G is abelian. G = Z3 @ Zi1 = Zz [33,1]. 

4. For |G| = 35 =5-7, 5+6. G is abelian and G & Zs @ Zz & Zes (35, 1]. 

5. For |G] = 39 =3- 13, 3| 12. 

(1) G is abelian. G = Z3 @ Zig = Zag [39, 2]. 

(2) G is non-abelian. Let Gi = (a,b| al? = b? = 1, bab! = a), Go = (a’, 0 | a3 = 03 =1,0'a'b'| = 0%). 


nm: G1 — Go, n(a) = a”, 1(b) = b” is isomporphism. G = (a,b | at® = b®? = 1, bab—! = a?) [39,1]. 


17 Groups of order p? 


Suppose |G| = p? and p is an odd prime. 
1. G is abelian. G& Lips or G=Zy ® Z,2 or G = Zp © Zp OD Zp. 


2. G is non-abelian. If G doesn’t contain element of order p?, then GY (a,b | a?” = b? = 1,b-1ab = a!*?), 


If G contains an element of order p*, then G & (a,b,c | a? = b? = cP = 1,ac = ca, cb = be, ab = bac). 


(1) G doesn’t contain element of order p?. 


G is non-abelian, so G/Z(G) is not cyclic and G/Z(G) = Z, © Z,. Let G/Z(G) = (a) @ (b), a,b E G\ Z(G). 


By assumption, o(a) = o(b) = p, hence c := a~!b-!ab € Z(G). a,b, Z(G) generate G, soc #1 and Z(G) = (c). 


a,b,c generate G, and a? = bP = cP = 1, ac= ca, bc = cb, ab = bac. 


Let F = (x,y, z) and define epimorphism 7 : F > G by a(x) =a, m(y) =}, a(z) =c. 


K = (2°, y?,2?,ezx—12-1, yzy-1z-1, a ty leyz—1) C kera and G & F/kerz. 


|F/K| = |F/kern|-|kera/K| = p?-|kera/K|. Elements in F/K have form z'y/z* where i,j,k € {0,...,p— 1}. 


Therefore, |F/K| < p? and kerm = K. G & (a,b,c | a? = b? = cP = 1,ac = ca, cb = be, ab = bac). 

(2) a € G and o(a) = p?. |G| = p®, |(a)| = p?, so (a) «G. Let G/(a) = (b). |G/(a)| = p, so b (a) and b? € (a). 
Let bab-! = a", r € {1,...,p? — 1}. G is a non-abelian group generated by a,b, so r # 1. 

b-tab! = a", a = b-PabP =a", so r? =1 (mod p?). (r,p) = 1, so r?-! =1 (mod p). Hence r = 1 (mod p). 
Let r=1+tp,t € {1,---,p—1}. (t,p) =1, and there exists j st. jt =1 (mod p). (j,p) = 1, so b’ ¢ (a). 
b-Jabi =a™ = all+t) = qi+itp = q!+?, Replace b’ by b, we have b ¢ (a), b? € (a), b-4ab = alt”. 

Let b? = a’. By assumption, o(b) = p or 0(b) = p?, so b? = a’ has order 1 or p, and hence p | s. 

Let s = pu, 6? = a””. From ab = ba+?)’, we have (ba~“)” = bP ull+(+p)+(14p)" +--+ (+p)? "), 
L+(l+p)+(L+p)? +--+ (1+ pro} = PEt =» (mod p?), so (ba-")? = Bram"? = 1. 

Let c = ba“, then we have c? = 1, ¢ ¢ (a), and ctac = a" (b- ab) a~” =a! t?, 

G is generated by element a of order p? and c of order p, and ac = ca?t!. 

Let F = (x,y) and define epimorphism 7 : F > G by a(x) = a, a(y) =c. Similarly, we have G & F'/ker 7. 
G& (a,b| a?” = bP = 1,b-1ab = a!*), 

This proof doesn’t guarantee the existence of non-abelian group of order p®. 


It only proves if such group exists, it can be characterized in this way. 


For |G| = p? < 50 and p is odd prime, |G| = 27. 
1. G is abelian. (1) Ge Lor (27, 1). (2) Ge Z3 @B Zg9 [27, 2]. (3) Ge Z3 @B Z3 @ Z3 [27% 5]. 
2. G is non-abelian. 


(1) G& (a,b | a® = b? = 1, b-1ab = a*) [27,4]. 


(2) G= (a,b,c | a? = b8 = ce? = 1, ac = ca, cb = be, ab = bac) [27,3]. 
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